Abstract. We determine the rational Picard group of the moduli spaces of smooth pointed hyperelliptic curves and of their Deligne-Mumford compactification, over the field of complex numbers.
Introduction
The stack H g of smooth hyperelliptic curves of fixed genus g ≥ 2, and its DeligneMumford compactification H g , are basic objects of study in algebraic geometry. In [3] , Arsie and Vistoli describe H g as a moduli stack parametrizing double covers of the projective line. They use this description to show that the Picard group of H g is finite cyclic, of order 8g + 4 for odd g, and 4g + 2 for even g. In [10] , geometrically meaningful generators for Pic(H g ) are described. A presentation of the Picard group of H g via generators and relations is given in [6] . As a consequence of these results, Pic(H g ) Q = 0 and Pic(H g ) Q has a basis consisting of all the boundary divisors.
In this article, we determine the rational Picard group of the moduli of smooth n-pointed hyperelliptic curves H g,n , and of its Deligne-Mumford compactification H g,n , for every n ≥ 1 (see Section 2 for the definitions). We work over the field of the complex numbers. Theorem 1.1. For every g ≥ 2 and n ≥ 1, we have: (a) Pic(H g,n ) Q has a basis given by ψ-classes. (b) Pic(H g,n ) Q has a basis given by ψ-classes and all the boundary divisors.
Recall the definition of ψ-classes ψ 1 , . . . , ψ n in Pic(M g,n ): denoted by L i the line bundle on M g,n which to a family X → S in M g,n (S) with sections σ 1 , . . . , σ n associates the line bundle σ * i ω X/S , ψ i is defined as the class of L i in Pic(M g,n ); see [2, §XIII.2] .
The strategy of the proof is as follows. Using the Leray spectral sequence, we show that H 1 (H g,n , Q) = 0 and that H 2 (H g,n , Q) has a basis consisting of all ψ-classes. The exponential sequence for H g,n gives (a), from which it immediately follows that Pic(H g,n ) Q is generated by ψ-classes and boundary divisors. We then show that this set of generators is linearly independent via degree computations on suitable families of curves.
Preliminaries on H g,n and H g,n
Let g ≥ 2 be an integer. A hyperelliptic curve C of genus g is a smooth complete curve admitting a map C → P 1 of degree 2. Equivalently, there exists an involution σ of C with quotient the projective line. It is a classical fact that such σ is unique: it is called the hyperelliptic involution of C. Let H g be the closed suborbifold of M g , parametrizing hyperelliptic curves of genus g. Both H g and its closure
1 H g in M g are smooth and irreducible of dimension 2g − 1; see [2, Lemma XI.6.15, Exercise XII.C-1]. Points of H g are called stable hyperelliptic curves: they are stable curves C with an involution σ with only isolated fixed points and such that the quotient C/ σ is a nodal curve of genus 0; see [2, Lemma XI.6.14] . Such an involution is again unique and is called the hyperelliptic involution; see [2, Lemma X.3.5] .
We denote by Γ g the hyperelliptic mapping class group. It is a standard fact that H g may be constructed as an orbifold quotient of a contractible analytic subspace of the Teichmüller space T g by the action of Γ g ; see [9] or [15, §1, §3.2] . Therefore, H g is an Eilenberg-Maclane space K(Γ g , 1), in the sense of orbifolds.
The orbifold H g,n parametrizes smooth hyperelliptic curves of genus g, together with n distinct marked points. It is the inverse image of H g under the forgetful morphism M g,n → M g . This is an orbifold smooth fibration, and the fiber above the curve C is given by the ordered configuration space F (C, n) of n distinct points in C:
In particular, the fibers are irreducible, hence by [17, 004Z] H g,n is irreducible. We write π n : H g,n → H g for the restriction of the forgetful morphism M g,n → M g to H g,n , and we denote by H g,n the coarse moduli space of H g,n .
The orbifold H g,n is the inverse image of H g under the forgetful morphism M g,n → M g . Recall that the definition of this morphism involves a contraction procedure; see [2, §X.6] . In other words, an n-pointed stable curve of genus g belongs to H g,n if and only if, after forgetting its markings and contracting its unstable components, one obtains a stable hyperelliptic curve. The forgetful morphism M g,n → M g has irreducible fibers of constant dimension n, so it is flat. It follows from [17, 004Z] that H g,n is irreducible, and it is the closure of H g,n inside M g,n . We denote by H g,n its coarse moduli space. If X is an orbifold, with coarse moduli space π : X → X, the induced map
is an isomorphism, see [4, Proposition 36] . Moreover, pullback of line bundles along π gives an isomorphism of the rational Picard groups of X = M g,n , M g,n , H g,n , H g,n with that of their coarse moduli spaces, see [2, Lemma XIII.6.6] for a proof in the case of M g,n and M g,n , the other cases being entirely analogous (another reference is [11, Proposition 3 .88]).
Cohomology of fibers of π n
We will understand the low dimensional cohomology of H g,n by relating it to the cohomology of H g via the Leray spectral sequence for π n : H g,n → H g . In order to do so, we must first understand the cohomology of the fibers of π n . As we have said, the map π n is an orbifold fibration, and for every point [C] ∈ H g , the fiber π
) is the ordered configuration space F (C, n).
1 Since Mg,n is projective, by the GAGA principle the Zariski closure equals the euclidean closure.
Let n, r ≥ 0 and X be an oriented manifold of dimension r. Let pr i : X n → X be the projection on the i-th factor, and pr ij : X n → X 2 be the projection of the i-th and j-th factors. Denote by ∆ the class of the Poincaré dual of the diagonal in H r (X 2 , Q). Let E X (n) be the differential bigraded commutative algebra given by H
• (X n , Q)[G ij ] 1≤i,j≤n where elements of H i (X n , Q) have degree (i, 0) and the variables G ij have degree (0, r − 1), subject to the following relations:
•
for any i, j and for any α ∈ H
• (X n , Q). The differential is defined by dG ij = pr * ij ∆ and dα = 0 for α ∈ H
• (X n , Q).
to the E r -page of the Leray spectral sequence for F (X, n) ֒→ X n . This is the first non-trivial differential of the spectral sequence. We will apply these results to the case where X = C is a smooth hyperelliptic curve of genus g (so r = 2). By the Künneth Formula (3.1)
Fix a point p of C. For i = 1, . . . , n, let
Under the isomorphism of (3.1), the Poincaré dual of [C(p) i ] is a generator for the i-th copy of H 2 (C, Q) inside H 2 (C n , Q), and each copy of H 1 (C, Q) ⊗2 contains exactly one of the Poincaré duals of [C n−1 ij ]. Lemma 3.3. Let C be a smooth curve, and consider the differential bigraded algebra 
the general case follows in the same way.
A presentation of the hyperelliptic mapping class group Γ g was given by Birman and Hilden in [5] . There are 2g + 1 generators ζ 1 , . . . , ζ 2g+1 . We refer the reader to [18, §2.2] for the statement of the theorem. For the convenience of the reader, we transcribe the description of the images Z 1 , . . . , Z 2g+1 of the generators under the modular representation ρ : Γ g → Sp(2g, Z). The homomorphism ρ is given by considering the action of Γ g on H 1 (C, Z), in the coordinates given by the standard symplectic basis a 1 , . . . , a g , b 1 , . . . , b g for H 1 (C, Z). Let
Denote by I m the m × m identity matrix. Using the standard symplectic basis a 1 , . . . , a g , b 1 , . . . , b g for H 1 (C, Z), we can write
Lemma 3.4. Let ∆ ′ be the projection of the Poincaré dual of the class of the diagonal in C × C to H 1 (C, Q) ⊗2 under the Künneth isomorphism (3.1), for n = 2.
⊗2 is exactly the one-dimensional subspace generated by ∆ ′ .
Proof. Using the standard symplectic basis a 1 , . . . , a g , b 1 , . . . , b g for H 1 (C, Z), we may represent an element α of H 1 (C, Q) ⊗2 as a square matrix P of size 2g. In these coordinates, if α is Γ g -invariant, then P satisfies
In particular, by considering Z = Z i , Z
i , for i = 1, . . . , 2g + 1, we see that
In principle, it suffices to impose the conditions Z i P Z t i = P , however the computations become trickier. i = 2, . . . , 2g: P is a block diagonal matrix, with g blocks of size 2. i = 1: the first block of P is a multiple of J. i = 2g + 1: the last block of P is a multiple of J. i = 2, . . . , 2g − 1: every block is a multiple of J, and with the same coefficient. Therefore, the invariants form a one-dimensional vector space, generated by the Poincaré dual of
By [16, Theorem 11.11] , this is exactly ∆ ′ .
We are ready to prove the main result of this section.
Proposition 3.5. Let C be a smooth hyperelliptic curve.
Proof. By Lemma 3.3 (a), after applying the differential d 2 , the Leray spectral sequence for the inclusion F (C, n) ֒→ C n becomes as in Figure 1 . Here V is a subspace of H 1 (C n , Q) ⊗ G ij 1≤i,j≤n , and
By Proposition 3.2, we obtain an isomorphism
and a short exact sequence
If G is a group acting on C through homeomorphisms, then G acts diagonally on C n and on F (C, n), therefore it acts on the cohomology of C, C n and F (C, n). By the functoriality of the Leray spectral sequence, G acts on the spectral sequence as well, and this action is compatible with the natural action on E C (n), given by acting trivially on the variables G ij . Therefore, the isomorphism of (3.2) is G-equivariant. Moreover, G acts on V and W , and the short exact sequence of (3.3) is compatible with the G-action.
Since the hyperelliptic involution acts as − id on
, we deduce (a). We now prove (b). The hyperelliptic involution is an element of Γ g , so there are no Γ g -invariants in H 1 (C n , Q). This shows that V Γg = 0. By (3.1) and Lemma 3.3 (b), we see that the image d 0, 1 2 consists exactly of the Γ g -invariants in (
. Consider the short exact sequence Figure 2 . E 2 -page of the Leray spectral sequence for π n :
The first term of (3.4) is a trivial Γ g -module. By [12, Corollary 3.3] ,
Taking invariants in (3.3) concludes the proof of (b).
Low dimensional cohomology of H g,n
Let π n : H g,n → H g be the natural forgetful morphism. We intend to compute H 1 (H g,n , Q) and H 2 (H g,n , Q) using the Leray spectral sequence for π n . Recall that if f : E → X is an orbifold fiber bundle with fiber F , then for any q ≥ 0 the sheaf R q f * Q is a local system on X. Thus, the sheaves R q π n * Q are local systems on H g . They satisfy
(
Proof. For every point [C] ∈ H g , the fiber of the local system π n * Q at C is given by H 0 (C n \ ∆, Q). This is canonically isomorphic to H 0 (C n , Q), which is onedimensional because C n \ ∆ is connected. Moreover, since Γ g acts trivially on H 0 (C, Q), so does Γ g = π 1 (H g ). Therefore, the local system π n * Q corresponds to the trivial one-dimensional representation of the orbifold fundamental group of H g , so π n * Q ∼ = Q.
By [13, Theorem 2.13] , H g has the rational cohomology of a point, so the result follows.
Proof. Let V := R 1 π n * Q. Denote by f : H g → H g the structure morphism to the coarse moduli space. We wish to compute H
• (H g , V ) using the Leray spectral sequence for f . It is enough to show that all terms in the E 2 -page of the spectral sequence are zero. To prove this, it suffices in turn to show that R q f * V = 0 for Figure 3 . E 2 -page of the Leray spectral sequence for f :
every q ≥ 0. Let C be a hyperelliptic curve. The fiber of f above [C] ∈ H g is the classifying space B Aut(C). This implies that the fiber of
On the right hand side we are considering group cohomology, where Aut(C) acts diagonally on F (C, n). Since the coefficient module is a Q-vector space and Aut(C) is finite by Hurwitz's theorem [1, Exercise 1.F], group cohomology vanishes for q > 0. Therefore, R q f * V = 0 for every q > 0. By Proposition 3.5 (a),
We now come to the main result of this section, which implies Theorem 1.1 (a).
2 (H g,n , Q) has a basis given by ψ-classes.
Proof. The combination of Lemma 4.1 and Lemma 4.2, shows that in the Leray spectral sequence of Figure 2 the first two rows are zero. It follows that
and that the edge homomorphism
is an isomorphism. Recall that in the Leray spectral sequence, edge maps on the qaxis are given by restriction to the fiber. By Proposition 3.5 (b), H 0 (H g ; R 2 π n * Q) has a basis formed by [C(p) 1 ], . . . [C(p) n ] for any chosen point p of C. Up to a scalar, the class [C(p) i ] equals the canonical class. Let ψ 1 , . . . , ψ n ∈ Pic(H g,n ) be the restriction of the ψ-classes to the hyperelliptic locus. Our discussion shows that ϕ(c 1 (ψ i )) and [C(p) i ] differ by a scalar. Therefore, H 2 (H g,n , Q) has dimension n, and is generated by ψ-classes.
Recall from Section 2 that H g,n and its coarse space H g,n have the same rational cohomology and rational Picard group. The exponential sequence for H g,n (see [8, §2.8] 
where c 1 (·) is given by the first Chern class. Recall that
It follows that the homomorphism c 1 (·) Q is injective. It is also surjective, since H 2 (H g,n , Q) is generated by ψ-classes.
Boundary of H g,n
To complete the proof of Theorem 1.1 (b), we must study the geometry of ∂H g,n . Our analysis requires some basic deformation theory, as explained, for example, in [2, Chapter XI] .
Recall the product decomposition for boundary divisors of M g,n as a finite image of products of moduli curves with smaller genus and number of markings; see [14] or [2, §X.10, §XII.10] for detailed proofs. Informally, there is an irreducible boundary divisor D irr,n , which is the finite image of the map ξ Dirr,n : M g−1,n+2 → M g,n that glues the last two sections to a node. There are also irreducible boundary divisors divisors D i,I , which are the finite images of the morphism
that glues the two curves along the sections σ n+1 and σ n+2 . These divisors are the irreducible components of ∂M g,n , and the morphisms are called clutching morphisms. More generally, M g,n can be stratified by topological type, and there is a similarly defined clutching map ξ ∆ for every stratum ∆.
We also recall the structure of the boundary of H g . We refer the reader to [2, §X.3, §XIII.8] for a more thorough discussion. For a stable curve C, and nodes p 1 , . . . , p r of C, denote by C p1,...,pr the partial normalization of C at p 1 , . . . , p r . The irreducible divisor η irr parametrizes stable hyperelliptic curves C with at least one non-separating node p, that is, such that C p is connected. For every 1 ≤ i ≤ g 2 , the irreducible divisor δ i parametrizes curves C admitting a node p such that C p is the disjoint union of two curves of genera i and g − i. Such a node is necessarily fixed by the hyperelliptic involution of C, i.e., it is a Weierstrass point. Lastly, for
, there is an irreducible divisor η i parametrizing curves C having two nodes that are conjugated by the involution, and such that C p1,p2 is the disjoint union of two curves of genera i and g − i − 1. In the first two cases, we say that p is a node of type η irr or δ i , and in the third case we say that p 1 and p 2 are a pair of nodes of type η i .
Our purpose is now to generalize this description to the boundary of H g,n , for a fixed integer n ≥ 1. We will do so by considering the inverse images of the boundary divisors of H g under π n : H g,n → H g .
Recall from Section 2 that since π n is a base change of the forgetful morphism M g,n → M g , it is flat of relative dimension n. From now on, we denote by I a subset of {1, . . . , n}.
Let H rt g,n be the moduli stack of hyperelliptic curves with rational tails. It is the inverse image of H g under π n . The complement H rt g,n \ H g,n is a union of divisors δ ′ 0,I parametrizing curves having rational tails marked by I, for every I having at least two elements (so that the resulting pointed curves are stable); see [19, §1] . We denote by δ 0,I the divisors of H g,n given by the closure of δ Here F (C, n) is defined in the same way as for smooth curves. Since the generic curve parametrized by δ i has exactly two components, the generic fiber has 2 n components, so π −1 n (δ i ) has at most 2 n irreducible components. Thus, to find all irreducible divisors of H g,n mapping to δ i , it is enough to exhibit 2 n disjoint open subsets of π −1 n (δ i ) and take their closures. For every I ⊆ {1, . . . , n}, denote byδ i,I the set of points of π −1 n (δ i ) corresponding to hyperelliptic curves C obtained by clutching two smooth hyperelliptic curves C 1 and C 2 of genera i and g − i at one point (necessarily a Weierstrass point for C), and such that p i ∈ C 1 for every i ∈ I. By definition For every I, the generic point of η i,I represents a hyperelliptic curve C obtained by joining two smooth hyperelliptic curves C 1 and C 2 of genera i and g − i at two points that are conjugated under the involution of C, and p i ∈ C 1 for every i ∈ I. In this case, the role of D i,I is taken up by the stratum ∆ corresponding to this topological type. Finally, if i = 0 and C is a generic curve parametrized by η irr , then C is irreducible. It follows that in this case F (C, n) is irreducible, so by [17, 004Z] π −1 n (η irr ) = η irr,n is irreducible. We have obtained the following description of the boundary of H g,n .
Proposition 5.1. Let D ⊆ H g,n be an irreducible boundary divisor. Then either D = η irr,n , or D = δ i,I for some 0 ≤ i ≤ The boundary ∂H g,n := H g,n \ H g,n is a divisor, since it is cut out on H g,n by the divisor ∂M g,n := M g,n \ M g,n . In the rest of this section, we determine the class of every boundary divisor of M g,n in Pic(H g,n ). If (C; p 1 , . . . , p n ) is a stable n-pointed curve, we denote by D = (p 1 , . . . , p n ) the ordered n-uple of markings, and we write (C; D) for (C; p 1 , . . . , p n ). We denote by Φ : M g,n → M g the forgetful morphism.
Lemma 5.2. For every (C; D) ∈ M g,n such that C is stable as a curve without marked points, the differential of Φ is surjective at (C; D) .
, and R the inverse image of the nodes of C. By assumpion, (C; D) maps to [C] in M g . Therefore, by deformation theory, the differential of Φ at (C; D) gives the following commutative diagram with exact rows:
To prove the surjectivity of dΦ (C;D) , it is enough to show that ϕ is surjective. Consider the following short exact sequence on C:
Since O R is supported on a zero-dimensional locus, the associated cohomology long exact sequence
shows the surjectivity of ϕ.
Lemma 5.3. Let (C; D) ∈ H g,n such that C is stable. Then
Let D be an irreducible boundary divisor of M g,n containing (C; D). Then the clutching map ξ D is transverse to H g,n at (C; D).
Proof. Since C is stable, it follows from Lemma 5.2 that the forgetful morphism Φ is a submersion at (C; D). Since by definition H g,n = Φ −1 (H g ), the first claim follows.
By [14, Corollary 3.9] , ξ D is unramified, so if p is a point of the domain of
Therefore, to prove transversality of ξ D it suffices to show that there is a vector v ∈ T (C;D) H g,n that does not belong to the image of d(ξ D ) p . Since (C; D) belongs to D, the curve C has at least one node, so consider a first-order deformation of C as a point of H g that smoothens all the nodes of C. Via the Kodaira-Spencer map, this deformation corresponds to a tangent vector v ∈ T [C] H g . By Lemma 5.2, we may lift v to a vector w ∈ T (C;D) H g,n . Since not all nodes may be smoothened inside D, the vector w does not belong to Im d(ξ D ) p .
Consider a boundary divisor D 0,I of M g,n containing (C; D). Then the clutching map ξ D0,I : M D0,I → M g,n is transverse to H g,n at (C; D).
Proof. The first part of the statement follows from the smoothness of the forgetful morphism M rt g,n → M g as in Lemma 5.3. Since H g,n is open and dense in H rt g,n , the nodes of (C; D) can be smoothened inside H rt g,n , but not inside D 0,I . This shows that T (C;D) H g,n is not contained in Im d(ξ D0,I ) p . By [14, Corollary 3.9] ξ D0,I is unramified, so dξ D0,I has codimension one in T (C;D) M g,n , and the claim follows.
Proposition 5.5. The orbifold H g,n is regular in codimension one. Moreover, Pic(H g,n ) Q is generated by ψ-classes and boundary divisors.
Proof. Since H g is smooth, the regular locus of H g,n contains the regular locus of Φ, i.e., the locus of points at which dΦ is surjective. By Lemma 5.4, the regular locus of Φ in H g,n contains H rt g,n , and so contains H g,n and is dense in the divisors of the form δ 0,I . By Lemma 5.3, if D is a boundary divisor of H g,n and (C; D) ∈ D is such that C is stable as an unpointed curve, then (C; D) is a regular point for Φ. By Proposition 5.1, this shows that the regular locus of Φ is dense also in the boundary divisors that are not of the form δ 0,I . Therefore, the regular locus of H g,n contains H g,n and is dense in every boundary divisor, hence H g,n is regular in codimension one.
Recall from Section 2 that Pic(H g,n ) Q = Pic(H g,n ) Q , where H g,n denotes the coarse moduli space of H g,n . Since H g,n is regular in codimension 1, there is an open subscheme of H g,n that has quotient singularities, and whose complement has codimension at least 2. It follows that the rational Picard group and the rational Weil group of H g,n coincide. From the exact sequence
where the D h are the irreducible components of ∂H g,n , we see that Pic(H g,n ) Q is generated by Pic(H g,n ) Q and the boundary divisors. From Proposition 4.3, Pic(H g,n ) Q is generated by ψ-classes, and the result follows.
Proposition 5.6. Let j : H g,n ֒→ M g,n be the natural inclusion. The following identities hold in Pic(H g,n ):
Proof. By Lemma 5.3 and Lemma 5.4, D i,I intersects H g,n generically transversely along δ i,I , so the first equality follows. By Lemma 5.3, D irr,n is generically transverse to H g,n along η irr,n , and each of its two local components at a general point of η i,I is transverse to H g,n along η i,I . This proves the second equality.
Proof of Theorem 1.1
To complete the proof of Theorem 1.1, we will use the method of test curves, as explained in [11, Lemma 3.94 ].
Proof of Theorem 1.1 (b). By Proposition 5.5, it suffices to prove that ψ-classes and irreducible boundary divisors are linearly independent in Pic(H g,n ). Let
and assume that D = 0 in Pic(H g,n ) Q . By Theorem 1.1 (a), the ψ-classes are independent in Pic(H g,n ) Q , hence restriction to H g,n shows that a i = 0 for each i = 0, . . . , n.
We now prove that b 0,I = 0 if |I| = 2. Let C be a smooth hyperelliptic curve of genus g, and let p 1 , . . . , p n−1 be distinct points of C. Denote by X the blow-up of C × C at the points (p i , p i ). For 1 ≤ i ≤ n − 1, let σ i be the proper transform of {p i } × C in X, and let σ n be the proper transform of the diagonal in C × C. This gives a family ρ 1 = (π : X → C, σ 1 , . . . , σ n ) of n-pointed hyperelliptic curves of genus g. By Proposition 5.6 and [11, Lemma 3.94], we see that for this family
and all other divisors are trivial. Here j : H g,n ֒→ M g,n denotes the natural inclusion. We obtain the relation
The points p i were arbitrarily chosen, therefore b 0,{i,n} = 0 for every i. Changing order of the sections, we obtain b 0,{i,j} = 0 for every i and j. Let i ≤ g/2 be an integer, and assume that I does not contain n. Consider a smooth hyperelliptic curve C 1 of genus i and a smooth hyperelliptic curve of genus g − i. Let q 1 and q 2 be Weierstrass points for C 1 and C 2 , respectively. Consider distinct points p j on C 1 different from q 1 , one for each j ∈ I, and distinct points p h on C 2 different from q 2 , one for each h ∈ I c , h = n. Let X be the blow-up of C 1 × C 1 at (p i , p i ) and (q 1 , q 1 ). Glue X and C 2 × C 1 along the proper transform of {q 1 } × C 1 in X and {q 2 } × C 1 . This gives a family Y → C 1 with n sections: {p h } × C 1 for h ∈ I c , h = n, the proper transforms of {p j } × C 1 for j ∈ I and the proper transform of the diagonal ∆ ⊆ C 1 × C 1 . Call this family ρ 2 . In ρ 2 the glueing of {q 1 } × C 1 and {q 2 } × C 1 corresponds to a node of type δ i,I in each fiber, and there are no isolated nodes of type δ i,I . The self-intersection of {q 1 } × C 1 and {q 2 } × C 1 is zero, and blowing up decreases the self-intersection by one, so by Proposition 5.6 and [11, Lemma 3.94]
There is exactly one isolated node of type δ i,I∪{n} and one of type δ 0,{j,n} , for every j ∈ I, so by Proposition 5.6 and [11, Lemma 3.94] deg δ i,I∪{n} (ρ 2 ) = 1, deg δ 0,{j,n} (ρ 2 ) = 1 (j ∈ I) and the remaining δ and η have degree zero. It follows that b i,I = b i,I∪{n} . Permuting sections and letting I vary, we deduce that b i,I only depends on i.
The reasoning for the η i,I is entirely analogous. Let i ≤ g−1 2
be an integer, and assume that I does not contain n. Consider a smooth hyperelliptic curve C 1 of genus i and a smooth hyperelliptic C 2 curve of genus g − i − 1. Denote by p j , q 1 , r 1 distinct points on C 1 , for j ∈ I, and p h , q 2 , r 2 distinct points on C 2 , for h ∈ I c , such that q 1 , r 1 and q 2 , r 2 are conjugated under the involutions of C 1 and C 2 , respectively. Let X be the blow-up of C 1 × C 1 at (p i , p i ), (q 1 , q 1 ) and (q 2 , q 2 ). Glue X and C 2 × C 1 along the proper transform of {q 1 } × C 1 in X and {q 2 } × C 1 , and along the proper transform of {r 1 } × C 1 in X and {r 2 } × C 1 . This gives a family Y → C 1 with n sections: {p j } × C 1 for j ∈ I c , j = n, the proper transforms of {p j } × C 1 for j ∈ I and the proper transform of the diagonal ∆ ⊆ C 1 × C 1 .
For this family ρ 3
and the remaining divisors have degree zero. Since we already know that b 0,{j,n} = 0, we obtain c i,I = c i,I∪{n} . We deduce that c i,I only depends on i.
The proof that c irr,n = 0 is very similar. One starts with a smooth hyperelliptic curve C of genus g + 1, with n + 2 distinct points q, q ′ , p 1 , . . . , p n−1 , such that q and q ′ are conjugated under the hyperelliptic involution of C. We glue {q} × P 1 and {q ′ } × P 1 in C × C, and then blow up the resulting surface at the points of intersection of the images of {p i } × C and of the diagonal ∆. This family is marked by the proper transforms of {p i } × C and ∆. For this family ρ 4
and every other boundary divisor has degree 0. It follows that c irr,n = 0.
We may thus rewrite (6.1) as
In [2, Theorem XIII. 8.4] , where the independence of boundary divisors is shown for H g (see [7, §4.(b) ] for the original proof), one-parameter families F 1 , . . . , F 2g of hyperelliptic curves are constructed, such that the general fiber is smooth and:
• the singular fibers of F 2h have nodes of type η irr , δ h , and no other,
• the singular fibers of F 2h+1 have nodes of type η irr , η h , and no other. We show that, possibly after passing to a ramified cover of the base, we may endow each F j with n disjoint sections having image in the smooth locus of F j , so that we may view F j as a curve in H g,n . We first sketch the construction of the families F j . One considers a certain divisor B ⊆ P 1 × P 1 of type (2g + 2, 2m), for a suitable m, such that B has only ordinary singularities. If R is the blow-up of P 1 × P 1 at the singular points of B, the family R → P 1 induced by the second projection is a family of nodal curves of genus 0, stable when marked with the sections D i given by the proper transforms of the irreducible components of B. Moreover, if B is chosen appropriately, O( D i ) will be a square, hence one may consider the double cover X → R branched along the D i . The composition X → R → P 1 is a family of semistable curves, because if a smooth rational component E of a fiber had only one node, the image of E in R would have at most one marking and one node, and so would be unstable. Using the stable model construction (see [2, Proposition X.6.7] ), one may contract the unstable rational components in X → P 1 , to obtain a family of hyperelliptic stable curves over P 1 . Different choices of B yield the various families F j .
Let k ≥ 0, and consider p 1 , . . . , p k distinct points in P 1 , such that {p i } × P 1 are not contained in any component of B. The inverse images C i of {p i } × P 1 in X are ramified double covers of P 1 , possibly trivial. Now a base change along a suitable ramified cover C → P 1 produces a family X ′ = X × P 1 C → C, together with 2k sections of X ′ → C. For example, one might base change via C 1 → P 1 to split the first double cover, then base change via the pullback of C 2 → P 1 to split the second one, and so on. Note that the curves appearing as fibers of X ′ → C are the same as those appering in X → P
1 . The stable model construction also applies to pointed curves, so this construction gives families F ′ 1 , . . . F ′ 2g , each with 2k sections, such that the general fiber is smooth and:
• the singular fibers of F ′ 2h have nodes of type η irr , δ h , and no other, • the singular fibers of F ′ 2h+1 have nodes of type η irr , η h , and no other. If we pick 2k ≥ n and discard some sections, we may view F 
